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History

Our aim is to prove of a conjecture of Lian and Zuckerman':

Topological vertex algebras carry a natural G, structure. )

'Lian, B. H., Zuckerman, G. J., New perspectives on the BRST-algebraic structure
of string theory, Commun. Math. Phys. 154 (1993)

|. Gélvez, V. Gorbounov, A. Tonks (2006) Up-to-homotopy structures on vertex algebras VASBI 2/12



History

Our aim is to prove of a conjecture of Lian and Zuckerman':

Topological vertex algebras carry a natural G, structure. )

@ First explicitly stated as Conjecture 2.3 in an article of Kimura,
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History

Our aim is to prove of a conjecture of Lian and Zuckerman':

Topological vertex algebras carry a natural G, structure. J

@ First explicitly stated as Conjecture 2.3 in an article of Kimura,
Voronov and Zuckerman?.

@ Related problem solved by Huang and Zhao? for a weaker notion
of Gerstenhaber-infinity algebra (see Theorem 4.1 of Voronov* for
details).

'Lian, B. H., Zuckerman, G. J., New perspectives on the BRST-algebraic structure
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*Huang, Y.-Z., Zhao, W., Semi-infinite forms and topological vertex operator
algebras. Commun. Contemp. Math. 2 (2000)

“Voronov, A. A. Homotopy Gerstenhaber algebras. Math. Phys. Stud. 22 (2000)
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The structure of BRST cohomology

Lian and Zuckerman

@ showed that the cohomology of a topological vertex algebra V is a
Gerstenhaber algebra — in fact, a Batalin—Vilkovisky algebra,
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The structure of BRST cohomology

Lian and Zuckerman

@ showed that the cohomology of a topological vertex algebra V is a
Gerstenhaber algebra — in fact, a Batalin—Vilkovisky algebra,
» product induced by x(_1)y,
» bracket induced by (Go)X)(0):

|. Gélvez, V. Gorbounov, A. Tonks (2006) Up-to-homotopy structures on vertex algebras VASBI 3/12



The structure of BRST cohomology

Lian and Zuckerman
@ showed that the cohomology of a topological vertex algebra V is a
Gerstenhaber algebra — in fact, a Batalin—Vilkovisky algebra,
» product induced by x_1)y,
» bracket induced by (Go)X)(0):
@ posed the problem of lifting this Gerstenhaber algebra structure
on the cohomology to a homotopy algebra structure on V itself.
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The structure of BRST cohomology

Lian and Zuckerman

@ showed that the cohomology of a topological vertex algebra V is a
Gerstenhaber algebra — in fact, a Batalin—Vilkovisky algebra,
» product induced by x_1)y,
» bracket induced by (Go)X)(0)¥;
@ posed the problem of lifting this Gerstenhaber algebra structure
on the cohomology to a homotopy algebra structure on V itself.

A consequence of our main result is the following:

Theorem (Lian—Zuckerman conjecture)

Any Zq-graded topological vertex algebra (such that for each
conformal weight the fermionic grading is finite) has a canonical G
structure which extends the Gerstenhaber structure on V.
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Basic notions in graded algebra

@ Graded vector spaces: w=gpw"
nez

@ kth (de)suspension: (WIK]))" = Wk,
o f: W— Wgraded map: f: W— W[k], [f(a)l=|f]+ |al
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Basic notions in graded algebra

@ Graded vector spaces: w=gpw"
nez

@ kth (de)suspension: (WIK]))" = Wk,
o f: W— Wagradedmap: f: W — WIk], |[f(a)l=|fl+|al
@ a bilinear operation - is
commutative if a-b—egpb-a=0
skew-symmetric if @-b+ezpb-a=0 cap = (—1) 1P
@ a Lie bracket is a degree 0 skew-symmetric operation satisfying

[[a, b], c] + €ap €ac [[b, C],a] + €ac epc [[C, @], b] =0
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Basic notions in graded algebra

@ Graded vector spaces: w=gpw"
nez

@ kth (de)suspension: (WIK]))" = Wk,
o f: W— Wagradedmap: f: W — WIk], |[f(a)l=|fl+|al
@ a bilinear operation - is
commutative if a-b—ezpb-a=0
skew-symmetric if @-b+ezpb-a=0 €ap = (—1)110
@ a Lie bracket is a degree 0 skew-symmetric operation satisfying

[[av b]: C] + €ab €ac [[b7 C]: a] + €ac €pc [[Cv a]: b] =0

e f: W — W is aderivation with respect to an operation - if
f(a-b)=1(a) b+ eraa-f(b).
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Gerstenhaber and G..-algebras

A Gerstenhaber algebra is a graded vector space W with bilinear
operations - of degree zero and [, ] of degree —1 such that

@ (W,.)is a graded commutative associative algebra

@ (W[1],[,]) is a graded Lie algebra

@ [a,—]: W — W is aderivation with respect to -
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Gerstenhaber and G..-algebras

A Gerstenhaber algebra is a graded vector space W with bilinear
operations - of degree zero and [, ] of degree —1 such that

@ (W,.)is a graded commutative associative algebra

@ (W[1],[,]) is a graded Lie algebra

@ [a,—]: W — W is aderivation with respect to -

Definition [Tamarkin—Tsygan]

A G.. structure on a graded vector space V is a degree 1 map
v:GA— GA (A= V[1]")

with 42 = 0 which is a derivation with respect to both A and [, ].

Lie(A) = Y LPA = > [I[...[AAL... ALALA,
p p

GA = > N(Lie(A)[-1])
t
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Unpacking this definition

We introduce the length decomposition GA = ZGmA

GnA = Z GP1P2:Pt A
P+ Fp=m
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Unpacking this definition
We introduce the length decomposition GA = ZGmA

GrA = D (LPAIA LA A A (LPA)]
pi+-t+pr=m
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Unpacking this definition

We introduce the length decomposition GA = )~ GpnA

GrA = D (LPAIA LA A A (LPA)]
p1+--+pr=m
GiA = A[-1] GoA=A-1]AA[-1] @ [A A[-1]
Remarks

A derivation v on GA is completely specified by
@ Either the restriction ~¢: GiA — GA
@ orits components ~"': GiA — Gn1A, (m>0)

v
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Unpacking this definition

We introduce the length decomposition GA = )~ GpnA

GrA = D (LPAIA LA A A (LPA)]
p1+--+pr=m
GiA = A[-1] GoA=A-1]AA[-1] @ [A A[-1]
Remarks

A derivation v on GA is completely specified by
@ Either the restriction :GIA— GA
@ or its components 7’"*1 GiA— Gp1A,  (m>0)
Each component ,ym+1 G1A — Gpi1A defines a family of maps

Y GA = GpuA (i > 0),
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Unpacking this definition

We introduce the length decomposition GA = )~ GpnA

GrA = D (LPAIA LA A A (LPA)]
p1+--+pr=m
GiA = A[-1] GoA=A-1]AA[-1] @ [A A[-1]
Remarks

A derivation v on GA is completely specified by
@ Either the restriction :GIA— GA
@ or its components 7’"*1 GiA— Gp1A,  (m>0)
Each component ,Ym+1 G1A — Gpi1A defines a family of maps

v
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A notion of partial G, structure
Definition

Suppose V and A as above and 1 < r < oc.

A G(r) structure =" on V is a sequence of degree 1 maps

K GIA — GkA (k—1<r)

(and their extensions “/{ : GjA — G;jA) which satisfy (R fork —1 < r.

k
Y fvi = 0: GA- GA (R
j=i
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A notion of partial G, structure

Definition
Suppose V and A as above and 1 < r < oc.
A G(r) structure =" on V is a sequence of degree 1 maps

K GIA — GkA (k—1<r)

(and their extensions *)/, : GjA — G;jA) which satisfy (R fork —1 < r.

k
Y fvi = 0: GA- GA (RK)
j=i

Lemma
@ A G(r) structure v=" satisfies (R¥) whenever k —i < r.
@ The notions of G(oo) structure and G, structure coincide.
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Inductive step: from G(r) to G(r + 1) structures

The relation (R]™') may be written
’Y1r+1d1 + dr+1’71r+1 = lrpq

where dy = 7 satisfies dx® = 0 by (R)), and

k—1
M = —ny;(fyq . G1A — GLA.
i—2
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Inductive step: from G(r) to G(r + 1) structures

The relation (R]™') may be written
’Y1r+1d1 + dr+1’71r+1 = lrpq

where dy = 7 satisfies dx® = 0 by (R)), and
k=1
Mg = —Z*yjk’yq . G1A — GLA.
=2

For any G(r) structure, the degree two map I, is defined.
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Inductive step: from G(r) to G(r + 1) structures
The relation (R]™') may be written

’Y1r+1d1 + dr+1’71r+1 = lrpq

where dy = 7 satisfies dx® = 0 by (R)), and
k=1
Mg = —Z*yjk’yq . G1A — GLA.
=2

For any G(r) structure, the degree two map I, is defined.
Key Lemma

Suppose v=" is a G(r) structure. Then I,y is a cochain map,

Orp1lryr = Tryqdy.
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Inductive step: from G(r) to G(r + 1) structures
The relation (R]™') may be written

'Y1r+1d1 + dr+17q+1 = lrpq

where dy = £ satisfies dk? = 0 by (Rf), and
k=1
Mk = _27;(74 . G1A — GLA.
=2

For any G(r) structure, the degree two map I, is defined.
Key Lemma

Suppose v=" is a G(r) structure. Then I,y is a cochain map,

drpilrp1 = Trpqds.

To extend a G(r) to a G(r + 1) structure: lift [,y € Hom?(G1A, G,1A)
to v/ € Hom'(G1 A, Gy 1 A) with d(v] ™) = Trp4.
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Inductive step: from G(r) to G(r + 1) structures
The relation (R]™') may be written

O =y + derf T = T

where dy = £ satisfies dk? = 0 by (Rf), and
k=1
Mk = _27;(74 . G1A — GLA.
=2

For any G(r) structure, the degree two map I, is defined.
Key Lemma

Suppose v=" is a G(r) structure. Then I,y is a cochain map,
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Main Theorem
Let V = @st’ a bigraded vector space, together with maps

N(S)fs’;%NI(S) m:V-=V m, myq: VeV-—-V

whose duals define a G(2) structure on V, and a square zero map
h: V-V
such that, for all elements v € V.,
myhv + hmyv = sv.

Then any extension of the G(2) structure to a G, structure on V
has a canonical extension to a G, structure on V.
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Sketch of the Proof

Notation: The dual maps my h*

give square-zero derivations d o

on GA of fermionic degrees 1 —1 such that

doa + ocda = sa (ac GA, |la|| =s)
Inductive step
Suppose s > 0. Given
@ a G(r) structure on V
@ a G(r+ 1) structure on V-4
e maps /"' :GiA— G, 1A definedfor | || =s&]| [<n
with +*'da + dyft'a = I, 4a for |a| =s&la <n—1

Thenfor | | =s&| | =n+1 theinductive formula

’Y1r+1 = (Mry10a— d’71r+1aa)/3

gives "' GiA— G, 1A definedfor || | =s&| [<n+1
with  v"'da + dy{t'a = T, 4@ for |la| =s&la <n.
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Unbounded conformal weight

Let

s
Vgs = @‘/I Ags = @Ai
i=0

Vgs — V§s+1 A§s+1 - ASS

Apply THEOREM to get G, algebra structures on these finite sums,

<s . oo
7:[?17'“7p[ - G1 ASS - Gp1 ptA§S7

compatible with the maps induced by the projections.

Now take limits to define the G, algebra structure maps for V,

GiA = lim Gy A<s — lim GP P As =2 GPPIA.
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Vertex Algebras
A topological vertex algebra is a tuple

0 0 O o o 1 -1
( V:@Vsnv 1 727 Y( 72) 3F7 L 7Oa G )
n,s 0 O 0 1 2 1 2

where z is a formal variable, F, L, Q, G € V with the given bidegrees,

Y(.,2):V—EndWV)[[ZF]],  Y(az)=) agpz
KEZ
isal-1map, ac i s=ay) € End(V) for a € Vs, satisfying the
Cauchy—Jacobi—Borcherds relation:

m i n
)3 < : ) (&) L) k) =D (1Y ( j> (@ m—bikcss) £ Dotk @me)

j=0 J j=0

and other axioms including QyQy = GGy =0, QGo + GoQy = Lo,

Fba=na & ac V" Lpa=sa & ae V;

v
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