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Ch12   Centile estimation and diagnostics

12.1 Introduction to centile estimation

12.2 Modelling the distribution
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12.1  Introduction to centile estimation

12.1.1Data example
Variables

Head circumference (HEAD) 

against age,

for 7040 males under 22 years,

Study
cross sectional study,

‘The Fourth Dutch Growth Study’, 

Fredriks et al. (2000)

P
D

F
 C

reated w
ith deskP

D
F

 P
D

F
 W

riter - T
rial :: http://w

w
w

.docudesk.com



H
E

A
D

 a
g

ai
ns

t A
G

E
 f

o
r 

D
u

tc
h

 m
al

es

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



1
2

.1
.2

   
O

b
je

ct
iv

e
T

o
 o

bt
ai

n
 c

en
til

e 
cu

rv
es

 o
f H

E
A

D
 a

g
ai

ns
t A

G
E

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



12.1.3.  Methods of centile estimation

Methods based on treating x (AGE) continuously

(i) without distribution model for Y (HEAD)
e.g. HRY method, Healey et al. (1988)
e.g. Quantile regression,

Koenker and Bassett (1978),  
Heagerty and Pepe (1999)

(ii) with distribution model for Y (HEAD)
e.g. LMS method, Cole and Green (1992)
e.g. LMSP method, Rigby and Stasinopoulos (2004)
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12.2 Modelling the distribution of Y

Four parameters

µ location

σ scale

ν skewness

τ kurtosis
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Skewness and kurtosis

negative skewness positive skewness

leptokurtosisplatykurtosis
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Continuous distributions for Y

Two parameter distributions

BE Beta

GA Gamma

GU Gumbel

LO Logistic

LNO Log Normal

NO Normal

IG Inverse Gaussian

RG Reverse Gumbel

WEI Weibull (also WEI2, WEI3)
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Three parameter distributions

BCCG Box-Cox Normal (Cole and Green, 1992)

PE Power Exponential (Box and Tiao, 1962)

TF t family  (Lange et al., 1989)

Continuous distributions for Y
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Continuous distributions for Y

Four parameter distributions

BCT Box-Cox t  (Rigby and Stasinopoulos, 2006)

BCPE Box-Cox Power Exponential 

(Rigby and Stasinopoulos, 2004)

JSU Johnson Su  (Johnson, 1949)

SHASH Sinh Arc Sinh (Jones, 2005)

SEP Skew Exponential Power  (DiCiccio and Monti,2004)

ST3 Skew t  (Jones and Faddy, 2003)
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Two parameter distributions
N unable to model skewness or kurtosis

Three parameter distributions
BCCG unable to model kurtosis

TF, PE unable to model skewness

Four parameter distributions
BCT, JSU, ST3 unable to model platykurtosis

BCPE, SHASH, SEP OK

Continuous distributions for YP
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Box-Cox Power Exponential distribution

coef. of variation (approx)σ

medianµ

platykurtic

mesokurtic

leptokurtic

τ>2

τ=2

τ<2

negatively skew

symmetric

positively skew

ν>1

ν=1

ν<1

distribution shapeparameter 
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BCPE distribution for ν = 1,   symmetric case
[µ = 10, σ = 0.1, ν = 1, τ = 3,  2.5,  2,  1.5]

ττττ = 3 ττττ = 2.5

ττττ = 2 ττττ = 1.5
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BCPE distribution for ν < 1,  i.e. positively skew case
[µ = 10 , σ = 0.1, ν = -1, τ = 3,  2.5,  2,  1.5]
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BCPE distribution for ν > 1,  i.e. negatively skew case
[µ = 10 , σ = 0.1, ν = 3, τ = 3,  2.5,  2,  1.5]
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Definition of distributions

Let Y be a random variable with range Y > 0, 

defined through the transformed variable Z given by
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Definition of Johnson Su distribution

Let Y be a random variable with range -∞ < Y < ∞, 
defined through the transformed variable Z given by
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12.3 Model for smooth centile curves

Y ~ D(µ, σ, ν, τ )  where D is any distribution, and

where Y = HEAD and x = AGE and
ξ
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12.4 Automatic model selection of 
degrees of freedom and ξ

We need to select the five values ξ

An automatic procedure is used to select the  values which 
minimize the  generalized Akaike information criterion GAIC

GAIC(#) = Deviance + #.df

where # is a penalty for each degree of freedom used in the model
and df is the total degrees of freedom used in the model, 
Akaike (1983)
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Choosing the penalty #

Akaike information criterion AIC uses  #=2

Schwartz Bayesian Criterion SBCuses #=log(n)=8.9 

Alternative values of # can be used, e.g. 3.

Higher penalty #  ⇒ smoother but biased centiles.

Lower penalty #  ⇒ rougher but less biased centiles.
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12.5. Modelling head circumference against 
age

12.5.1Choosing the penalty #

Model distribution:     HEAD  ~  BCT(µ, σ, υ, τ)
For each fixed #, 
select the optimum degrees of freedom and ξ.

0.412118.98.9SBC

0.33225.712.33GAIC

0.098.83.04.720.42AIC

ξdfτdfνdfσdfµpenalty #criterion
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Box-Cox t (BCT)  distribution

related to coef. of variation σ

medianµ

leptokurtic

mesokurtic

τ>0

τ→∞

negatively skew

symmetric

positively skew

ν>1

ν=1

ν<1

distribution shapeparameter 
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12.5.2   Fitted parameters µµµµ, σσσσ, υυυυ, ττττ against AGE
(for BCT model chosen with penalty # = 3)

σ

ν τ

µ
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Fitted parameters µ, σ, υ, τ against AGE 
(for BCT model chosen with penalty # = 2)

µ σ

ν τ
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Fitted parameters µ, σ, υ, τ against AGE 
(for BCT model chosen with penalty # = 8.9)

µ σ

ν τ
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12.5.3 Choosing the distribution

0.40223.711.771.7SEP

0.273.1-2.913.14.8TF

0.34227.912.281.7BCPE (LMSP)

0.33225.712.30BCT  (LMST)

0.46223.411.73.4JSU

0.01-14.72016.7172.9BCCG (LMS)

0.001--3016.4221.6NO

ξdfτdfνdfσdfµ
GAIC(3)-
26814.7distribution
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Centiles for BCT model chosen with # = 3
(0.4, 2, 10, 25, 50, 75, 90, 98, 99.6) %
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12.6 Model diagnostics

12.6.1 (Normalized quantile) residuals

if Y is continuous

if Y is discrete, where

and is the inverse cdf of a N(0,1) variable

and  is the fitted model cdf of Y

The true residuals  r from the model have a N(0,1) distribution,

whatever the original correct distribution of Y.

( )[ ]yFr ˆˆ 1−Φ=

[ ]ur 1ˆ −Φ= )](ˆ),1(ˆ[~ yFyFUu −

1−Φ
)(ˆ yF
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12.6.3 Worm plots

Purpose is detect inadequacies in the model fit within 
specific age ranges,(van Buuren and Fredriks, 2001).

The age range is split into 16 age range intervals,

with the same number of observations in each age range.

A detrended QQ plot of the residuals in each age rangeis 
obtained. 
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Interpretation of worm coefficients
(scaled by factor 100)

In a particular age range:

b0 < -10 ⇒ residual mean too low         ⇒ model µ too high

b0 >  10 ⇒ residual mean too high         ⇒ model µ too low

b1 < -10 ⇒ residual sd too low ⇒ model  σ too high

b1 >  10 ⇒ residual sd too high ⇒ model  σ too low

b2 < -5 ⇒ residual skewness too low  ⇒ model ν too high

b2 >  5 ⇒ residual skewness too high  ⇒ model ν too low

b3 < -3 ⇒ residual kurtosis too low      ⇒ model τ too high

b3 >  3 ⇒ residual kurtosis too high     ⇒ model τ too low
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Worm coefficients (scaled by 100)

-0.4-1.3-1-418.8 – 22.016

-0.13.70217.4 – 18.815

-0.1-3.14516.1 – 17.414

-1.00.02214.8 – 16.113

0.20.24213.7 – 14.812

-0.92.4-1-812.5 – 13.7 11

-1.32.10-511.2 – 12.5 10

-0.6-0.74110.0 – 11.2 9

-0.2-2.4-157.9 – 10.08

0.7-0.82-13.9 – 7.97

-0.6-1.9-642.5 – 3.96

0.1-2.95-11.8 – 2.55

2.23.1-2-21.2 – 1.84

-1.42.0-110.7 – 1.23

-0.5-2.9-320.2 – 0.72

-0.62.84-10 - 0.21

b3b2b1b0age rangegroup
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12.6.4 Z statistics

Purpose is detect inadequacies in the model fit within specific age ranges,
(Royston and Wright, 2000). 

AGE is split into 16 ranges. Within each age range,

statistics Z1, Z2, Z3 and Z4 are calculated to test whether the mean, 
variance, skewness and kurtosis of the residuals are different from their 
model values, i.e. 0, 1, 0, 3.

In each age range:

Z1 = test statistic for mean 0 of residuals, [i.e. Ho: mean=0 , H1: mean≠0]

Z2 = test of variance 1 of residuals

Z3 = D’Agostino et al. (1990) test statistic for skewness 0 of residuals

Z4 = D’Agostino et al. (1990) test statistic for kurtosis 3 of residuals
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Interpretation of Z statistics

In a particular age range:

Z1 < -2 ⇒ residual mean too low         ⇒ model µ too high

Z1 >  2 ⇒ residual mean too high         ⇒ model µ too low

Z2 < -2 ⇒ residual sd too low ⇒ model  σ too high

Z2 >  2 ⇒ residual sd too high ⇒ model  σ too low

Z3 < -2 ⇒ residual skewness too low  ⇒ model ν too high

Z3 >  2 ⇒ residual skewness too high  ⇒ model ν too low

Z4 < -2 ⇒ residual kurtosis too low      ⇒ model τ too high

Z4 >  2 ⇒ residual kurtosis too high     ⇒ model τ too low
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Z statistics  (for BCT model penalty # = 3)

0.0-0.7-0.7-1.118.8 – 22.016

0.92.0-0.11.217.4 – 18.815

0.1-1.51.10.416.1 – 17.414

-0.80.0-0.30.514.8 – 16.113

0.90.31.50.413.7 – 14.812

-0.71.2-1.0-1.212.5 – 13.7 11

-1.31.1-1.2-0.811.2 – 12.5 10

-0.5-0.40.70.010.0 – 11.2 9

0.0-1.3-0.40.57.9 – 10.08

0.9-0.41.2-0.53.9 – 7.97

-0.4-1.0-2.20.32.5 – 3.96

0.3-1.41.7-0.91.8 – 2.55

2.92.01.60.21.2 – 1.84

-1.51.0-1.40.60.7 – 1.23

-0.3-1.5-1.4-0.30.2 – 0.72

0.51.50.70.30 - 0.21

Z4Z3Z2Z1age rangegroup
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12.6.5 Q statistics

Q statistics are calculated by summing the squared Z 
statistics over the 16 age ranges, i.e. 

for j = 1, 2, 3, 4.
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Q statistics
(for BCT model chosen with penalty # = 3)

14.014.012.73.7df

16.723.923.37.2value

0.280.050.030.10p-value

Q4Q3Q2Q1
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Detrended QQ plot 
(for BCT model with penalty # = 3 when 16 outliers removed)
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Q statistics
(for BCT model with penalty # = 3 when 16 outliers removed)

14.01412.93.2df

5.215.618.26.5value

0.980.340.140.10p-value

Q4Q3Q2Q1
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12.7   Conclusion

GAMLSS allows flexible centile estimation, 
by flexible modelling of both:

1) distribution of Y, including models for 
skewness (positive and negative)
and kurtosis (platykurtosis or leptokurtosis) 

2) dependence of the parameters µ, σ, υ, τ
on explanatory variable(s).
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1.1  Data

Variables
Body Mass Index (BMI) against age,

for 7294 males under 22 years,

Study
cross sectional study,

‘The Fourth Dutch Growth Study’, 

Fredriks et al. (2000)
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Example 2
Consider the values of BMI for ages from 5 up to 7 years 

as a single sample
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Table of deviances for different distribution fits

0BCT

0.2BCPE

1.1JSU

2.0BCCG

38.5N

Deviance - 710.5Distribution

P
D

F
 C

reated w
ith deskP

D
F

 P
D

F
 W

riter - T
rial :: http://w

w
w

.docudesk.com



M
o

d
el

 f
o

r 
sm

o
o

th
 c

en
til

e 
cu

rv
e

s

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com



3. Modelling the parameters

Each parameter of the distribution 

is modelled in terms of the explanatory variable x
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4. Modelling head circumference against age

leptokurtic

mesokurtic

τ>0

τ→∞

negatively skew

symmetric

positively skew

ν>1

ν=1

ν<1

distribution shapeparameter range

Box-Cox t (BCT)  distribution
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4.3 Choosing the distribution
 
 
 
 

  
criterionpenalty  # µdf  σdf  νdf  τdf  λ  
AIC 2 20.4 4.7 3.0 8.8 0.09 
GAIC 3 12.3 5.7 2 2 0.33 
SBC 8.9 8.9 1 1 2 0.41 
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4.3 Choosing the distribution

0.412118.98.9SBC

0.33225.712.33GAIC

0.098.83.04.720.42AIC

λdfτdfνdfσdfµpenalty #criterion
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Worm coefficients

-0.4-1.3-1-418.8 – 22.016

-0.13.70217.4 – 18.815

-0.1-3.14516.1 – 17.414

-1.00.02214.8 – 16.113

0.20.24213.7 – 14.812

-0.92.4-1-812.5 – 13.7 11

-1.32.10-511.2 – 12.5 10

-0.6-0.74110.0 – 11.2 9

-0.2-2.4-157.9 – 10.08

0.7-0.82-13.9 – 7.97

-0.6-1.9-642.5 – 3.96

0.1-2.95-11.8 – 2.55

2.23.1-2-21.2 – 1.84

-1.42.0-110.7 – 1.23

-0.5-2.9-320.2 – 0.72

-0.62.84-10 - 0.21

b3b2b1b0age rangegroup
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Q statistics
(for BCT model chosen with penalty # = 3)

14.014.012.73.7df

16.723.923.37.2value

0.280.050.030.10p-value

Q4Q3Q2Q1

14.014.012.73.7df

4.217.319.77.2value

0.9940.240.100.10p-value

Q4Q3Q2Q1

Below with 7 extreme outliers removed
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2.4 Example 1
Consider the values of head circumference for ages from 
2 up to 3 years as a single sample
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Table of deviances for different distribution fits

0BCPE

1.6BCT

1.7JSU

5.0BCCG

20.5N

Deviance – 1738.6Distribution
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3. Modelling the parameters

Each parameter of the distribution   µ, σ, ν, τ
is modelled in terms of the explanatory variable x
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Johnson Su (JSU)  distribution

standard deviation σ

meanµ

leptokurtic

mesokurtic

τ>0

τ→0

negatively skew

symmetric

positively skew

ν<0

ν=0

ν>0

distribution shapeparameter 
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Fitted parameters µ, σ, υ, τ against AGE 
(for JSU model chosen with penalty # = 3)

µ σ

τν
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Comparison of centiles, (1, 50, 99)%,

for  BCT models with  #  = 2 (---),  3 (—)
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Fitted parameters µ, σ, τ against AGE 
(for TF model chosen with penalty # = 3)
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5. Model diagnostics

The residuals from the fitted model are given by:

5.1 Residuals  (or ‘z-scores’)

The residuals from the model have an N(0,1) distribution,

whatever the original correct distribution of Y.
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