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12.1 Introduction to centile estimation

12.1.1Data example

Variables
Head circumference (HEAD)
against age,
for 7040 males under 22 years,
Study
cross sectional study,
‘The Fourth Dutch Growth Study’,
Fredrikset al. (2000)
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12.1.3. Methods of centile estimation

Methods based on treating x (AGE) continuously

(1) without distribution model for Y (HEAD)
e.g. HRY method, Healey et al. (1988)
e.g. Quantile regression,

Koenker and Bassett (1978),
Heagerty and Pepe (1999)

(1) with distribution model for Y (HEAD)
e.g. LMS method, Cole and Green (1992)
e.g. LMSP method, Rigby and Stasinopoulos (2004)
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12.2 Modelling the distribution of Y

Four parameters

L location
o) scale

V skewness
T kurtosis
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Skewness and kurtosis

negative skewness

platykurtosis

)

e i)

positive skewness

leptokurtosis
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Continuous distributions for

Two parameter distributions

BE
GA
GU
LO
LNO
NO
|G
RG
WEI

Beta

Gamma

Gumbel

Logistic

Log Normal

Normal

Inverse Gaussian

Reverse Gumbel

Weibull (also WEI2, WEI3)
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Continuous distributions for

Three parameter distributions

BCCG  Box-Cox Normal (Cole and Green, 1992)
PE Power Exponential (Box and Tiao, 1962)
TF t family (Langeet al., 1989)
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Continuous distributions foy

Four parameter distributions

BCT
BCPE

JSU
SHASH
SEP
ST3

Box-Coxt (Rigby and Stasinopoulos, 2006)
Box-Cox Power Exponential

(Rigby and Stasinopoulos, 2004)

Johnson Su (Johnson, 1949)

Sinh Arc Sinh (Jones, 2005)

Skew Exponential Power (DiCiccio and Monti,2004)
Skewt (Jones and Faddy, 2003)
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Continuous distributions for

Two parameter distributions
N unable to model skewness or kurtosis

Three parameter distributions
BCCG unable to model kurtosis
TF, PE unable to model skewness

Four parameter distributions
BCT, JSU, ST3 unable to model platykurtosis
BCPE, SHASH, SEP OK
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Box-Cox Power Exponential distribution

parameter distribution shape

L median

o coef. of variation (approx
v>1 negatively skew

v=1 symmetric

v<1 positively skew

>2 platykurtic

1=2 mesokurtic

<2 leptokurtic




W0D"3SaPNOOP MMM//:dRY :: [euL - 18I 4ad 4adMSap Yim pareald 4ad

gamiss

for statistical modelling

BCPE distribution fow = 1, symmetric case
[u=10,0=0.1v=1,1=3, 2.5, 2, 1.5]
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BCPE distribution fow < 1, i.e. positively skew case
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BCPE distribution fow > 1, i.e. negatively skew case
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Definition of distributions

LetY be a random variable with ranye> O,
defined through the transformed varialgiven by

L[L] = f v %0
av
/ = < _,U |
iIog Eij f v =20
o T \H

If Z~N(0,1) thenY ~ BCCG(u, o, v)
f Z~t  thenY~BCT(u, o,v,1)
If Z~PE(01,7) thenY~BCPE(y,0o,v,T1)
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Definition of Johnson Su distribution

LetY be a random variable with range < Y < oo,
defined through the transformed variaBlgiven by

Z = v+ rsinh~? (y — ‘“’)
()

where sinh~(u) = log[u + (u? 4+ 1)1/?]
if Z ~N(O,1), then Y ~ JSUo(pu,o,v,7)

the original parameterization of Johnson(1949).



W0D"3SaPNOOP MMM//:dRY :: [euL - 18I 4ad 4adMSap Yim pareald 4ad

gamiss
for statistical modelling

12.3 Model for smooth centile curves

Y~D(u, o,v, 1) whereD is any distribution, and

whereY = HEAD and x = AGE ° and

pe = cs(a, df,)
log(o) = cs(x, dfs)
v = cs(a, dfy)

log(T) = cs(a, df;)
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12.4 Automatic model selection of
degrees of freedom arnd

We need to select the five value df,, dfs, df,, df-, &

An automatic procedure is used to select the values which
minimize the generalized Akaike information criteri@AlC

GAIC(#) = Deviance + #.df

where # is a penalty for each degree of freedom used in the model
and df is the total degrees of freedom used in the model,
Akaike (1983)
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Choosing the penalty #

Akaike information criterioAIC uses #=2
Schwartz Bayesian CriteriddBC uses #=log(n)=8.9
Alternative values of # can be used, e.g. 3.

Higher penalty #= smoother but biased centiles.

Lower penalty #= rougher but less biased centiles.
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12.5. Modelling head circumference against
age

12.5.1Choosing the penalty #

Model distribution: HEAD ~ BCT( o, v, 1)
For each fixed #,
select the optimum degrees of freedom and

criterion penalty # dfy dfoc dfv dfr ¢

AlIC 2 204 47 3.0 8.8 0.09

W0D"3SaPNOOP MMM//:dRY :: [euL - 18I 4ad 4adMSap Yim pareald 4ad

GAIC 3 12.3 5.7 2 2 0.33

SBC 8.9 3.9 1 1 2 0.41
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parameter distribution shape

L median

o related to coef. of variation
v>1 negatively skew

v=1 symmetric

v<1 positively skew

>0 leptokurtic

1> mesokurtic

for statistical modelling
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12.5.2 Fitted parametersy, g, v, T against AGE
(for BCT model chosen with penalty # = 3)
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Fitted parameterng, o, v, T against AGE
(for BCT model chosen with penalty # = 2)
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12.5.3 Choosing the distribution

GAIC(3)-
distribution 26814.7 |dfy |dfo |dfv |dfr | &
NO 221.6 16.4 | 30 - - 0.001
BCCG (LMS) | 172.9 16.7 |20 (14.7] - 0.01

BCPE (MSP)| 817 |122|79 |2 |2 |0.34

W0D"3SaPNOOP MMM//:dRY :: [euL - 18I 4ad 4adMSap Yim pareald 4ad

SEP (1.7 11.7 |3.7 |2 2 0.40
TF 4.8 13.1 ({29 |- 3.1 |0.27
JSU 3.4 11.7 |3.4 |2 2 0.46

BCT (LMST) | O 123(57 |2 |2 |0.33
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Comparison of centileq1, 50, 99)%,
BCT (—) and BCCGE---) for# =3

S5 05 St o SE 0E

av3aH

PDF Created with deskPDF PDF Writer - Trial :: http://www.docudesk.com

20

15

10

25

20

15

10

05

0.0

AGE

AGE



W0D"3SaPNOOP MMM//:dRY :: [euL - 18I 4ad 4adMSap Yim pareald 4ad

gamiss
for statistical modelling

12.6 Model diagnostics

12.6.1 (Normalized quantile) residuals

and @™ s the inverse cdf of a N(0,1) variable

and If(y) is the fitted model cdf of Y
The true residuals from the model have a N(0,1) distribution,

whatever the original correct distribution of Y.
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12.6.3 Worm plots

Purpose Is detect inadequacies in the model fit within
specific age rangefvan Buuren and Fredriks, 2001).

The age range is split into 16 age range intervals,
with the same number of observations in each age range.

A detrended QQ plot of the residuaissach age rangs
obtained.
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Interpretation of worm coefficients
(scaled by factor 100)

In a particular age range:

bO0<-10 = residual mean too low = modelu too high
bO> 10 = residual mean too high = modelu too low
bl<-10 = residual sd too low — model o too high
bl> 10 = residual sd too high = model o too low
b2<-5 = residual skewnesstoolow = modelv too high
b2> 5 = residual skewness too high = modelv too low
b3<-3 = residual kurtosis too low = modelt too high
b3> 3 = residual kurtosis too high = modelt too low
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Worm coefficients (scaled by 100)

group age range b0 bl b2 b3
1 0-0.2 -1 4 2.8 -0.6
2 0.2-0.7 2 -3 -2.9 -0.5
3 0.7-1.2 1 -1 2.0 -1.4
4 1.2-1.8 -2 -2 3.1 2.2
5 1.8-25 -1 5 -2.9 0.1
6 25-3.9 4 -6 -1.9 -0.6
7 39-79 -1 2 -0.8 0.7
8 7.9-10.0 5 -1 -2.4 -0.2
9 10.0-11.2 1 4 -0.7 -0.6
10 11.2-12.5 -5 0 2.1 -1.3
11 12.5-13.7 -8 -1 2.4 -0.9
12 13.7-14.8 0.2 0.2
13 14.8 -16.1 2 0.0 -1.0
14 16.1-17.4 -3.1 -0.1
15 17.4 -18.8 2 0 3.7 -0.1
16 18.8 —22.0 -4 -1 -1.3 -0.4
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12.6.4 Z statistics

Purpose is detect inadequacies in the model fit within specific agegsa
(Royston and Wright, 2000).

AGE is split into 16 range$Vithin each age range,

statistics Z1, Z2, Z3 and Z4 are calculated to test whether the mean,
variance, skewness and kurtosis of the residuals are different from their
model values, i.e. 0, 1, 0, 3.

In each age range:

Z1 = test statistic for mean 0 of residuals, [i.e. Ho: mean=10 midar0]
Z2 = test of variance 1 of residuals

Z3 = D’Agostinoet al. (1990) test statistic for skewness 0 of residuals
Z4 = D’Agostinoet al. (1990) test statistic for kurtosis 3 of residuals
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Interpretation of Z statistics

In a particular age range:

Z1<-2
Z1> 2

/72 < -2
72> 2

/3 <-2
3> 2

Z4 < -2
Z4 > 2

—
—

J U

J U

J 4

residual mean too low
residual mean too high

residual sd too low
residual sd too high

residual skewness too low
residual skewness too high

residual kurtosis too low
residual kurtosis too high

modelu too high
modelpu too low

model o too high
model o too low

modelv too high
modelv too low

modelt too high
modelt too low
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Z statistics (for BCT model penalty # = 3)

group age range Z1 Z2 Z3 4
1 0-0.2 0.3 0.7 1.5 0.5
2 0.2-0.7 -0.3 -14 -1.5 -0.3
3 0.7-1.2 0.6 -14 1.0 -1.5
4 1.2-1.8 0.2 1.6 2.0 2.9
) 1.8-2.5 -0.9 1.7 -14 0.3
6 25-3.9 0.3 -2.2 -1.0 -0.4
7 39-7.9 -0.5 1.2 -0.4 0.9
8 7.9-10.0 0.5 -0.4 -1.3 0.0
9 10.0-11.2 0.0 0.7 -0.4 -0.5
10 11.2-125 -0.8 -1.2 1.1 -1.3
11 12.5-13.7 -1.2 -1.0 1.2 -0.7
12 13.7-14.8 0.4 1.5 0.3 0.9
13 14.8 -16.1 0.5 -0.3 0.0 -0.8
14 16.1-17.4 0.4 1.1 -1.5 0.1
15 17.4-18.8 1.2 -0.1 2.0 0.9
16 18.8 —22.0 -1.1 -0.7 -0.7 0.0
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12.6.5 Q statistics

Q statistics are calculated by summing the squared
statistics over the 16 age ranges, i.e.

G

o 2

QJ — E :Zﬂj
g=1

forj=1, 2, 3, 4.
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(for BCT model chosen with penalty # = 3)

Q1 Q2 Q3 Q4

value 7.2 23.3 23.9 16.7
df 3.7 12.7 14.0 14.0
p-value 0.10 0.03 0.05 0.28
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Detrended QQ plot

(for BCT model with penalty # = 3 when 16 outliers removed)
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Q statistics
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(for BCT model with penalty # = 3 when 16 outliers removed)

Ql Q2 Q3 Q4

value 6.5 18.2 15.6 5.2
df 3.2 12.9 14 14.0
p-value 0.10 0.14 0.34 0.98
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12.7 Conclusion

GAMLSS allows flexible centile estimation,
by flexible modelling of both:

1) distribution of Y, including models for
skewness (positive and negative)
and kurtosis (platykurtosis or leptokurtosis)

2) dependence of the parametgrs, v, T
on explanatory variable(s).
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1.1 Data

Variables
Body Mass Index (BMI) against age,
for 7294 males under 22 years,

Study
cross sectional study,
‘The Fourth Dutch Growth Study’,
Fredriks et al. (2000)
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BMI against AGE for Dutch males
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1.2. Objective
To obtain centile curves of BMI against AGE
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Example 2

Consider the values of BMI for ages from 5 up to 7 years
as a single sample

]
[1a]

Frequency
20 a0 40 50
| |

10
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Normal (N) distribution fit to BMI sample
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Box-Cox Normal (BCCG) fit to BMI sample
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Box-Coxt (BCT) fit to BMI sample
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Table of deviances for different distribution fits

Distribution | Deviance - 710.%
N 38.5
BCCG 2.0
JSU 1.1
BCPE 0.2
BCT 0
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3. Modelling the parameters

for statistical modelling

Each parameter of the distributiors, o, v, T
IS modelled in terms of the explanatory variable x

Model Formula gamlss code
simple linear 1= o+ X
polynomial i = Po+ Bz + Fax? + Faz® poly(x.3)
fractional polynomial 1= o+ Braft 4 [Foxt? fp(x,2)
for p € (=2,-1,0,0.5,1,2,3)
e.g. u = Bg+ F12%° 4 Baa? bfp(0.5.-2 )
power polynomial 1= g+ Braft 4 Fout? pp(x,2)
loess smoother lo(x.3)
p-spline smoother ps(x.3)
cubic spline smoother cs(x,3
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4. Modelling head circumference against age

Box-Coxt (BCT) distribution

parameter range | distribution shape

v>1 negatively skew
v=1 symmetric

v<1 positively skew
>0 leptokurtic

T 00 mesokurtic
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4.3 Choosing the distribution
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criterior penalty #
AlIC 2

GAIC 3

SBC 8.9

df, df, df, df, )
204 477 3.0 8.8 0.09
12.3 5.7 2 2 0.33
89 1 1 2 0.41
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4.3 Choosing the distribution
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criterion |penalty #|dfy |dfo |dfv |dfr | A

AIC 2 20.414.7 |3.0 [8.8 |0.09
GAIC 3 12.3|5.7 |2 2 0.33
SBC 8.9 89 |1 1 2 0.41
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Worm coefficients

group age range b0 bl b2 b3
1 0-0.2 -1 4 2.8 -0.6
2 0.2-0.7 -3 -2.9 -0.5
3 0.7-1.2 -1 2.0 -14
4 1.2-1.8 -2 -2 3.1 2.2
) 1.8-25 -1 ) -2.9 0.1
6 25-3.9 4 -6 -1.9 -0.6
7 39-7.9 -1 2 -0.8 0.7
8 7.9-10.0 -1 -2.4 -0.2
9 10.0-11.2 -0.7 -0.6
10 11.2-12.5 -3 0 2.1 -1.3
11 12.5-13.7 -8 -1 2.4 -0.9
12 13.7-14.8 0.2 0.2
13 14.8 -16.1 2 0.0 -1.0
14 16.1-174 -3.1 -0.1
15 17.4-18.8 0 3.7 -0.1
16 18.8 -22.0 -4 -1 -1.3 -0.4
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Q statistics
(for BCT model chosen with penalty # = 3)
Q1 Q2 Q3 Q4
value 7.2 23.3 23.9 16.7
df 3.7 12.7 14.0 14.0
p-value 0.10 0.03 0.05 0.28

Below with 7 extreme outliers removed

Ql Q2 Q3 Q4

value 7.2 19.7 17.3 4.2
df 3.7 12.7 14.0 14.0
p-value 0.10 0.10 0.24 0.994
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2.4 Example 1

Consider the values of head circumference for ages from
2 up to 3 years as a single sample

Frequency

100

80

g0

40

20
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head

50 52 54 56
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Normal (N) fit to head circumference sample
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Box-Cox Normal (BCCG) fit to head sample
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Table of deviances for different distribution fits

Distribution | Deviance — 1738.6¢
N 20.5
BCCG 5.0
JSU 1.7
BCT 1.6
BCPE 0
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3. Modelling the parameters

for statistical modelling

Each parameter of the distributiop, o, v, 1
IS modelled in terms of the explanatory variable x

Model Formula ramlss code
simple linear Ho + Az X
polynomial Bo + Bz + Fox® + Faz® poly(x,3)
fractional polynomial 3o + S1aPt + [FaxP? fp(x,2)
for p € (=2, —1,0,0.5,1,2,3)
e.g. By + B12°° + Bax2 bip(0.5.-2 )
power polynomial 3y + G12Pt + [FonP? pp(x,2)
loess smoother lo(x.3)
p-spline smoother ps(3,3)
cubic spline smoother cs(x,3)
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Johnson Su (JSU) distribution
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parameter distribution shape
L mean

o standard deviation
v<0 negatively skew
v=0 symmetric

v>0 positively skew
>0 leptokurtic

-0 mesokurtic
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Fitted parameterng, o, U, T against AGE

(for JISU model chosen with penalty # = 3)
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Comparison of centilesl, 50, 99)%,
for BCT models with # = 2 (---), 3 (—)
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Fitted parameterng, o, T against AGE

(for TF model chosen with penalty # = 3)
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5. Model diagnostics

5.1 Residuals (or ‘z-scores’)

The residuals from the fitted model are given by:

=@ [Fy(y)]

where 1 is the inverse cdf of an N(0,1) variate, and

Fy-(vy) is the fitted model cdf of Y,

The residuals from the model have an N(0,1) distribution,

whatever the original correct distribution of Y.
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